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Abstract. In this paper we study the structure of the solutions to higher dimensional
Dirac type equations generalizing the known Dirac equation (D − λ)f = 0, where
λ is a complex parameter. The structure of the solutions to this system of partial
differential equations show a close connection with Bessel functions of first kind with
complex argument. The more general system of partial differential equations that is
considered in this paper combines Dirac and Euler operators and emphasizes the role
of the Bessel functions. However, contrary to the simplest case, one gets now Bessel
functions of any arbitrary complex order.
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1 INTRODUCTION AND BASIC NOTIONS
Eigensolutions to higher dimensional Dirac type systems play an important role in
mathematics, physics and applied sciences and are studied by numerous authors (see
e.g.[1, 3, 5, 6, 7]).
The setting of Clifford algebras provides an elegant way to describe higher dimen-
sional Dirac equations. Indeed, the use of Clifford algebras states a very clear way of
describing the structure of the solutions to the associated systems of partial differential
equations.
Let {e1, e2, . . . , en} be the standard basis of the Euclidean vector space Rn and Cln
be the 2n-dimensional associated real linear associative Clifford algebra obtained from
the generating relations
eiej + ejei = −2δij, i, j = 1, · · · , n
where δij is the Kronecker symbol. Each element a ∈ Cln is a Clifford number of the
form
a =
∑
A
aAeA ,
with aA ∈ R, A ⊆ {1, · · · , n}, eA = el1el2 · · · elr , where 1 ≤ l1 < · · · < lr ≤ n, and
e∅ =: e0 =: 1. The Clifford conjugate of a is defined by
a =
∑
A
aAeA ,
where eA = elrelr−1 · · · el1 and ej = −ej, j = 1, . . . , n, e0 = e0 = 1.
The simplest non-trivial examples of Clifford algebras are the complex number field
and the skew field of the Hamiltonian quaternions which are isomorphic to Cl1 and
Cl2, respectively.
We also consider complex Clifford algebras. These arise as complexification of the
real Clifford algebra Cln constructed as tensor product Cln ⊗R C and will be denoted
by Cln(C). The imaginary complex unit i from C commutes with all elements from
the real Clifford algebra Cln. In particular, we have eji = iej for all basis vectors ej ,
j = 1, . . . , n.
In what follows the vector space Rn is embedded in the Clifford algebra Cln by the
identification of each x = (x1, x2, . . . , xn) ∈ Rn with the element
x =
n∑
i=1
xi ei
of the Clifford algebra. Each vector x ∈ Rn\{0} has a multiplicative inverse, given by
x−1 = − x|x|2 where | · | stands for the ordinary Euclidean norm in Rn.
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For C1-functions defined in an open subset Ω of Rn and having values in Cln, we
introduce the Euclidean Dirac operator by
D :=
n∑
i=1
ei
∂
∂xi
.
A function f : Ω −→ Cln is called a (left) monogenic function if it satisfies the Dirac
equation Df(x) = 0, for x ∈ Ω. For details about Clifford algebras and Clifford
analysis we refer the interested reader for example to [1, 3] or elsewhere.
Each function f that is (left) monogenic in an annular domain of the form {x ∈
Rn , 0 ≤ r < |x| < R ≤ +∞} admits a unique Laurent expansion (cf. [1])
f(x) =
+∞∑
m=0
(
Pmf(x) +Qmf(x)
)
where Pm are homogeneous monogenic polynomials of total degree m and the func-
tions Qm are the corresponding outer monogenic homogeneous functions of degree
−(n− 1 +m), such that
Qm(x) = − x|x|nPm
(
x
|x|2
)
.
2 MAIN RESULT
Consider the partial differential equation
(D − λ) f = 0
where λ is an arbitrary non-zero complex parameter. Solutions to this Dirac equation
are called λ-hyperholomorphic, as for instance in [5, 6]. Following e.g. [7, 8, 9] and
others, any eigensolution of the Dirac type operator D − λ in Rn, can be described in
the simple compact form
f(x) =
+∞∑
m=0
|x|1−n2−m
(
Jm+n/2−1(λ|x|)− x|x|Jm+n/2(λ|x|)
)
Pm(x), (1)
where Jm+n/2 and Jm+n/2−1 denote the usual Bessel J-functions of the first kind with
complex argument λ|x| and half-integer or integer parameter ν = m + n/2 − 1 or
ν = m + n/2, dependent from n being odd or even (see, e.g. [4]), and Pm(z) are
homogeneous monogenic polynomials of total degree m. A Bessel J-function of the
first kind with complex argument is defined by (see for instance [4])
Jν(z) =
(z
2
)ν +∞∑
m=0
(−1)mz2m
22m m! Γ(ν +m+ 1)
, z ∈ C .
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Our aim is to study the structure of the solutions to the more general Dirac type
equation [
D − λ− (1 + α) x|x|2E
]
f = 0, (2)
where
E := |x| ∂
∂|x|
is the radial symmetric Euler operator and α and λ are two arbitrary non-zero complex
parameters.
Theorem 1 Let f be a Cln-valued function that satisfies in the n-dimensional open
ball |x| < r (r > 0) the differential equation[
D − λ− (1 + α) x|x|2E
]
f = 0,
for complex parameters α, λ ∈ C\{0}. Then there exists a sequence of monogenic
homogeneous polynomials of total degree m = 0, 1, 2, . . ., say Pm(x), such that in
each open ball |x| < r with 0 < r < R,
f(x) =
+∞∑
m=0
|x| 12+n−12α −mJcsgn( 1
α
)( 1
2
+n+2m−1
2α
)
(λ|x|
α
)
Pm(x)
−csgn( 1
α
)
+∞∑
m=0
|x| 12+n−12α −mJcsgn( 1
α
)(− 1
2
+n+2m−1
2α
)
(λ|x|
α
) x
|x| Pm(x),
where csgn( 1
α
) := sgn
(
Re( 1
α
)
)
, if Re( 1
α
) 6= 0 and csgn( 1
α
) := 1, if Re( 1
α
) = 0. Here,
J 1
2
+n−2m−1
2α
and J− 1
2
+n−2m−1
2α
denote the usual Bessel functions of the first kind with
complex argument λ |x|
α
and complex parameter ν = 1
2
+ n−2m−1
2α
or ν = −1
2
+ n−2m−1
2α
,
respectively.
Proof. To solve the above given system, we make the following ansatz
f(x) =
+∞∑
m=0
am(|x|)Pm(x) + cm(|x|)Qm(x) (3)
where Pm(x) is some monogenic homogeneous polynomial of total degree m and
Qm(x) = − x|x|nPm(
x
|x|2 ) =
1
|x|2m+n−1
x
|x|Pm(x)
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is the corresponding outer spherical homogeneous monogenic function. Since the term
1
|x|2m+n−1 is radially symmetric, it can hence be included in the radial symmetric ex-
pression cm(|x|), so that (3) can equivalently be rewritten in the following form
f(x) =
+∞∑
m=0
am(|x|)Pm(x) + bm(|x|) x|x|Pm(x),
involving now only the polynomials Pm(x).
For each degree m = 0, 1, 2, . . . each associated homogeneity term of this series
representation satisfies itself the partial differential equation (2),[
D − λ− (1 + α) x|x|2E
](
am(|x|)Pm(x) + bm(|x|) x|x|Pm(x)
)
= 0. (4)
In order to simplify the notation, in what follows we put
a′m(|x|) :=
∂
∂|x|am(|x|)
and
b′m(|x|) :=
∂
∂|x|bm(|x|).
The action of the Euler operator on each single term of (4) gives
E[am(|x|)Pm(x)]= |x|a′m(|x|)Pm(|x|) + am(|x|)E[Pm(x)]
= |x|a′m(|x|)Pm(|x|) +mam(|x|)Pm(x),
the last equality arising from the homogeneity of Pm(x). Also, we have
E[bm(|x|) x|x|Pm(x)]= |x|b
′
m(|x|)
x
|x|Pm(x) + bm(|x|)E[
x
|x|Pm(x)]
= |x|b′m(|x|)
x
|x|Pm(x) +mbm(|x|)
x
|x|Pm(x),
the last equality arising again from the m-homogeneity of the function x|x|Pm(x).
Hence, it follows that
E[am(|x|)Pm(x) + bm(|x|) x|x|Pm(x)]=[|x|a
′
m(|x|) +mam(|x|)]Pm(|x|)
+[|x| b′m(|x|) +mbm(|x|)]
x
|x|Pm(x). (5)
We compute now the action of the Dirac operator in each single term of (3). Taking
into account that, for each degree of homogeneity m = 0, 1, 2, . . ., the polynomials
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Pm(x) are monogenic, we have
D[am(|x|)Pm(x)] =
( n∑
i=1
ei
∂|x|
∂xi
)
a′m(|x|)Pm(x)
= a′m(|x|)
x
|x|Pm(x). (6)
Also,
D[bm(|x|) x|x|Pm(x)] =
n∑
i=1
ei
∂
∂xi
[bm(|x|)
|x| xPm(x)
]
=
n∑
i=1
ei
∂
∂xi
[bm(|x|)
|x|
]
xPm(x) +D[xPm(x)]
=
x
|x|
b′m(|x|)|x| − bm(|x|)
|x|2 xPm(x) +D[xPm(x)] (7)
Taking into account that
x2 = −|x|2
and that
D[xPm(x)] = −(n+ 2m)Pm(x),
the expression (7) becomes
D[bm(|x|) x|x|Pm(x)] =
[
−b′m(|x|) +
1− n− 2m
|x| bm(|x|)
]
Pm(x) (8)
Adding now (6) and (8), we get
D[am(|x|)Pm(x) + bm(|x|) x|x|Pm(x)] =
[
−b′m(|x|) +
1− n− 2m
|x| bm(|x|)
]
Pm(x)
+a′m(|x|)
x
|x|Pm(x) (9)
Substituting (5) and (9) in the equation (4), it follows that
[(D − λ)− (1 + α) x|x|2E](am(|x|)Pm(x) + bm(|x|)
x
|x|Pm(x)) =
[−(n− 1 +m− αm)bm(|x|)|x| + αb
′
m(x)− λam(|x|)]Pm(x)
+ [−αa′m(|x|)− λbm(|x|)− (1 + α)m
am(|x|)
|x| ]
x
|x|Pm(x) = 0.
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From the linear independence of the functions Pm(x) and x|x|Pm(x), we get the fol-
lowing system of first-order differential equations
αb′m − λam −
n− 1 +m− αm
|x| bm = 0
−αa′m − λbm −
(1 + α)m
|x| am = 0. (10)
Solving this system in order to bm, we get the second order ordinary differential equa-
tion
−α
2
λ
b′′m +
α
λ|x|(n− 1− 2αm)b
′
m
+
α
λ|x|2
(
(n− 1 +m− αm)((1 + α)m
α
− 1)− λ
2|x|2
α
)
bm = 0.
Consider now
bm(|x|) = |x| 12−m+n−12α b˜m(|x|), (11)
and the substitution of the variable
|x| = α
λ
|y|.
Hence, the function
Bm(|y|) = b˜m
(α
λ
|y|
)
satisfies the usual Bessel equation
∂2|y|Bm(|y|) +
1
|y|∂|y|Bm(|y|) +
(
1− (
2m−α−1+n
2α
)2
|y|2
)
Bm(|y|) = 0. (12)
For details, see [2]. The part of the solution to (12) that is regular at the origin is the
Bessel function Jcsgn( 1
α
)( 1
2
+ 2m−1+n
2α
)(|y|).
Therefore, the part of the solution to (12) that is regular at the origin can be written
as
bm(|x|) = |x| 12+n−12α −mJcsgn( 1
α
)(− 1
2
+n+2m−1
2α
)
(
λ|x|
α
)
.
Substituting this expression in (10) and using the same procedure we get
am(|x|) = −csgn( 1
α
)|x| 12+n−12α −mJcsgn( 1
α
)( 1
2
+n+2m−1
2α
)
(λ|x|
α
)
.
¤
Remark. On the particular case α = −1, where the equation (2) takes the form
(D − λ) f = 0, we find the known solution (1).
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